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Fine structures on the zero field steps of long Josephson tunnel junctions are simulated for 
junctions with the bias current injected into the junction at the edges. These structures are due to 
the coupling between self-generated plasma oscillations and the traveling fluxon. The plasma 
oscillations are generated by the interaction of the bias current with the fluxon at the junction 
edges. On the first zero field step, the voltages of successive fine structures are given by 
Vn = fJ/2e(2wp/n) , where n is an even integer. 
It is well known that fluxon propagation is responsible 
for the zero field steps found on the current-voltage charac-
teristics oflong tunnel junctions. 1-3 Recently, several careful 
experimental studies have revealed a set of fine structures 
(FS's) superimposed on the zero field steps.4,5 It has been 
suggested that the FS's are a manifestation of the interaction 
between the traveling fluxon and other modes which may be 
present in the junction. 
An example of these fine structures is shown in Fig. 
I (a). Initial speculation4 related these FS's to a coupling 
between the traveling fluxon and cavitylike oscillations. Al-
though it is possible to assign most of the FS's to a specific 
harmonic or subharmonic of a cavity mode, there is no satis-
factory answer to the question why some of the lower har-
monics of the cavity modes are not present. Later, Pedersen 
and Welner·6 suggested that these steps may be related to 
the interaction of the traveling fluxon with plasma oscilla-
tions generated by the reflecti()n of the fluxon at the edges of 
the junction. They argue that strong coupling occurs when 
the fluxon makes one round trip across the junction during 
an integer (n) number of plasma oscillations. This implies 
for the first zero field step FS's should occur at voltages given 
by 
V" =~(2wp). 
2e n 
(1) 
This equation seems to fit the experimental data better. 
However, up until this time, no theoretical calculations have 
been done to reproduce these fine structures. In this letter we 
show that the FS's on the zero field step can be reproduced 
very well using numerical simulation for proper conditions. 
The origin of the FS's and the conditions necessary to be 
observed by them are discussed. 
Simulations are performed using the perturbed Sine-
Gordon equation for one-dimensional junctions with surface 
losses neglected. In normalized form, this equation can be 
written in the form 
tPxx - tPlt - atP, = sin tP - "I, (2) 
where tP is the phase difference between the two supercon-
ducting films. The damping parameter a is given by 
a = G(fJ/2eJC), where G, J, and C are the quasiparticle 
conductance, critical current, and capacitance per unit 
length. In this equation, the spatial coordinate x is measured 
in units of AJ = (fJ/2poedJ) 1/2 while the temporal coordi-
nate is measured in units of the inverse plasma frequency 
wo- 1 = (flC /2eJ) 1/2. The parameter "I represents the bias 
current distribution normalized to the critical current per 
unit length of the junction. Two current distributions are 
used in the simulations discussed below. For uniform bias 
current distribution "I = Ide /10' where Ide is the bias current 
and 10 is the maximum zero voltage current. The boundary 
conditions for this case are tPx (O,t) = tPx (L,t) = 0, which 
correspond to zero external magnetic field. For edge current 
injection the bias current distribution "I is a sum of two delta 
functions at the edges of the junction, which is mathemat-
ically equivalent to imposing the boundary conditions 
tPx (0,1) = - tPx (L,!) = IdjUA J on Eq. (2) with "I = 0. 
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FIG. I. (a) Current-voltage characteristic showing the lower portion of the 
first zero field step ofSn-SnOx-Sn Josephson tunnel junction having overlap 
geometry with length 0.95 mm, width 0.14 mm, and with the parametersj, 
AJ> and CiJ{) estimated from experimental results to be 1.3 X 16' A/cm2, 43 
;Jm, and 90 GHz, respectively. This curve was taken at T = 1.65 K in zero 
magnetic field. The horizontal arrow indicates switching to the zero voltage 
state. (b) Dotted curve shows the current-voltage characteristics of the first 
zero field step as calculated using numerical simulations. Parameters used 
for this calculation are L /AJ = 20, a = 0.06, and nonunifonn (edge) cur· 
rent distribution. Vertical arrows and the associated n indicate the voltages 
V. ofEq. (I). 
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These boundary conditions represent the self-induced mag-
netic fields due to the bias current at the edges of the junc-
tion. 
Figure 1 (b) shows a numerical simulation of the first 
zero field step for a junction with parameters L /AJ = 20, 
a = 0.06, and 1] corresponding to edge injection. Each point 
on this curve represents the calculated average voltage for 
the given bias current. The structures on this curve are simi-
lar to the experimental FS's shown in Fig. I (a). These struc-
tures are absent in the analytic perturbative solutions 7.8 of 
Eq. (2). Numerical simulations show large oscillations are 
generated at the edge of the junction after the fluxon is re-
flected from the edge as shown in Fig. 2. Although these 
oscillations are not completely uniform in space, the fre-
quency is very close to the plasma frequency of the junction 
suggesting the plasma oscillations generated by the system 
may be responsible for the FS's. It is well known that plasma 
oscillations are generated when a fluxon is accelerated. For a 
junction with edge injection, the large current spikes near the 
junction edge provide an impulselike energy input to the 
fluxon causing a rapid increase in its velocity. To check that 
the plasma oscillations generated at the edges of the junction 
are indeed responsible for the FS's and the nonuniform cur-
rent distribution plays a major role, we also performed nu-
merical simulations for ajunction with uniform bias current. 
In that case, the plasma oscillations are much smaller and 
virtually no FS's are found. 
Experimentally, junctions showing well-defined FS's 
have been junctions of overlap geometry without supercon-
ducting ground planes. There are many reasons to believe 
that the overlap geometry without a ground plane does not 
provide uniform current distribution. One of the experimen-
tal evidences showing a nonuniform distribution is that the 
zero voltage current is much lower than one would expect 
for junctions with a uniform current distribution. Other evi-
dence indicating that the bias current is confined toward the 
edges of the junction is provided by laser scanning experi-
ments9 which can directly probe the supercurrent distribu-
tion. In most overlap junctions, the actual current distribu-
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FIG. 2. (a) Simulation for L/A.J = 20, a = 0.06, //10 = 0.8 for nonuni-
form (edge) current injection. 
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tion is likely to be entirely edge injection. However, the 
nonuniform component of the distribution is primarily re-
sponsible for the FS's in these simulations. It should be 
pointed out that a nonuniform current distribution is not the 
only source of plasma oscillations. Numerous other inhomo-
geneities and effects can cause plasma oscillations by per-
turbing the fluxon velocity. 
The voltage positions Vn given by Eq. (I) are indicated 
by the arrows in Fig. 1 (b). For the current range shown, 
there is a set of well defined structures at voltages labeled by 
even value of n. For odd values of n, there is some indication 
ofvery weak structures. The larger FS's labeled by even val-
ues of n can be understood by the following. If the fluxon 
travels across the junction once during an integer number of 
plasma oscillations, it will arrive at the opposite edge in 
phase with the plasma oscillations generated during the pre-
vious reflection at that edge. This corresponds to a round 
trip time equal to an even number of plasma oscillations and 
strong coupling. On the other hand, if the vortex travels 
across the junction once during n + 1/2 plasma oscillations, 
it will arrive at the opposite edge out of phase with the plas-
ma oscillations generated by the previous reflection. This 
would correspond to a round trip time equal to an odd num-
ber of plasma oscillation and weak coupling. Using even n to 
label successive FS's is important since the plasma frequency 
can be determined by using Eq. (I) to fit the experimental 
FS's. The resultant plasma frequency would be off by a fac-
tor of 2 if successive FS's are labeled using consecutive inte-
gers. Figure 3 demonstrates the graphical construction used 
to determine the plasma frequency. These data are taken 
from the experimental curve shown in Fig. 1 (a). The plasma 
voltage (litup /2e) is found directly from the graph for n = 2. 
To determine the accuracy of the technique, a similar con-
struction was used to determine the plasma frequency of the 
simulated curve of Fig. 1 (b). The value found was within 
4% of the set value. Using this technique to measure the 
plasma frequency is particularly useful for long junctions 
with a nonuniform current distribution since other param-
eteTS (c and AJ ) cannot be measured with a good accuracy. 
In this letter we report on computer simulations which 
show that under the appropriate conditions a well defined set 
of FS's can be observed on the first zero field step. These 
structures are shown to be generated by the interaction 
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FIG. 3. Plot ofEq. (2) using data shown in Fig. I (a). The plasma voltage 
Vp is estimated to be 2081lV corresponding to a plasma frequency of 104 
GHz. 
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between the plasma oscillations and the traveling ftuxon. 
The voltages of the FS's are shown to be given by Eq. (1) 
with n being even integers. Plasma oscillations are also be-
lieved to be responsible for of the FS's observed on the higher 
order steps. Due to complications such as ftuxon collisions 
and ftuxon bunching, detailed quantitative calculations need 
to be done to clarify the situation for higher order steps. 
We would like to thank Art Davidson for discussions 
regarding the role of plasma oscillation in ftuxon dynamics. 
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